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1 Introdution
The mean eld approah when ombined with eetive interations like
Skyrme or Gogny is entral to the understanding of nulear struture as
it provides the right magi numbers and a rather good desription of nu-
lear properties like masses, radii, et, see [1℄ and referenes therein. In this
approah nuleons are assumed to move in orbits reated by a ommon po-
tential and therefore the nulear wave funtion for the ground state an be
represented as a Slater determinant built upon the orbitals oupied by the
nuleons. The ommon potential is determined from the eetive intera-
tion by solving the Hartree- Fok (HF) equation. On the other hand, most
of the nulei show, at least in their ground state, the phenomenon of nu-
lear superondutivity due to a part of the interation known as pairing
interation. When this is the ase we have to introdue the onept of quasi-
partiles (given by the anonial Bogoliubov transformation) and the mean
eld wave funtion now beomes a produt wave funtion of annihilation
quasi-partile operators. The quasi-partile amplitudes are determined by
solving the Hartree- Fok- Bogoliubov (HFB) equation.
The nulear mean eld has a strong tendeny to show the phenomenon
alled spontaneous symmetry breaking [2, 3, 4℄ that appears when the HF or
HFB wave funtions do not respet the underlying symmetries of the Hamil-
tonian. In fat this is the ase, for example, for the HFB wave funtions as
they do not have a denite number of partiles, i.e. they spontaneously break
the number of partiles symmetry. As the atomi nuleus is a nite sys-
tem the spontaneous symmetry breaking mehanism is a mere artifat of the
mean eld approximation to generate orrelations (although it allows an in-
tuitive understanding of some nulear struture eets like rotational bands)
ontrary to what happens in quantum eld theory where it represents a real
eet due to the innite number of degrees of freedom. Usually in nulear
physis the spontaneous symmetry breaking has to do with spatial symme-
tries like the rotational or parity symmetries. In the former ase it leads to
the onept of deformed mean eld where the ommon potential felt by
nuleons is not rotational invariant (i.e. it is deformed in opposition to a
spherial -rotational invariant- potential) and, as a onsequene, the ground
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state wave funtion is not an eigenstate of the angular momentum operators
J2 and Jz (i.e. the Casimir operators of the rotation group). However, the
real wave funtion of the nuleus is an eigenstate of angular momentum and
therefore it is neessary to go beyond the mean eld approximation in order
to have the right quantum numbers. The proedure to restore the symmetry
is known as the Angular Momentum Projetion (AMP) method [5℄ and relies
in the fat that when the deformed mean eld wave funtion (in the follow-
ing the intrinsi wave funtion) is rotated the orresponding intrinsi mean
eld energy remains the same. Therefore, a suitable linear ombination of
suh rotated intrinsi states will reover the angular momentum quantum
numbers of the wave funtion and at the same time will redue the energy
(what is worthy from a variational point of view). Usually it is said in the
literature that the deformed mean eld wave funtions belong to the in-
trinsi frame of referene whereas the projeted wave funtions belong to
the laboratory frame of referene. In order to go from the intrinsi frame
to the laboratory one the utuations in orientation have to be added to
the intrinsi wave funtion in exatly the way as it is done in the Angular
Momentum Projetion framework.
Angular Momentum Projetion has been a goal of nulear physiist for
many years and only reently with the new omputer failities has beome
a reality for involved fores. Apart from the traditional motivations a on-
siderable eort has been made, in the last few years, in order to implement
Angular Momentum Projetion with realisti eetive interations. The main
reason, apart from the genuine desire of always having the best theoretial
desription, is the wealth of new experimental data in exoti regions of the
Nulide Chart far away from the stability line and oming from the amazing
and very sophistiated experimental setups that have been assembled in the
last few years. In many ases, the experimental results an not be reprodued
or even understood adequately with a mean eld desription and therefore,
in addition to onsiderations onerning the suitability of suh interations
away from the stability line, eets beyond mean eld have to be explored.
As a result of the AMP alulations it turned out that away of the stability
line the potential energy surfaes are very soft and that shape oexistene is
a phenomenon rather ommon in these exoti regions. In these ases one is
fored to perform, besides the AMP, onguration mixing alulations. The
most eetive way to onsider shape mixing is the Generator Coordinate
Method (GCM) in whih the relevant oordinates (in general the multipole
moments) are used to generate the orresponding wave funtions. The mix-
ing oeients are obtained by solving the Hill-Wheeler equation [6℄. The
ombined AMPGCM with eetive fores is a very powerful method whih
has allowed, as we will see, to understand and to predit many new features.
Obviously there are many more methods apart from the one to be dis-
ussed here that are suessful in the desription the nulear struture phe-
nomena at low energies. We have the traditional shell model (see [7℄ for a
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reent review and [8℄ for the state of the art implementations of this method)
where rst a redued set of orbitals is hosen as to be the one playing the
most important role in the physis to be desribed and then the full diago-
nalization of the Hamiltonian in the spae of multi partile-hole exitations
oupled to the right quantum numbers is performed. Very good results are
obtained with this method when the eetive interation used is ne tuned to
the set of nulei to be desribed and also when the physis to be desribed lies
within the onguration spae hosen. However, there are several drawbaks
for this method: a) The dimension of the Hamiltonian matrix to be diagonal-
ized dramatially inreases with the size of the onguration spae restriting
its appliability to mass numbers smaller than 70 and also to states that do
not involve dierent major shells at the same time. b) Its suess depends
upon a areful tting of the interation and therefore it is not suited for ex-
ploratory alulations in new regions of the Nulide Chart. ) Finally, it is
diult to reast the results in terms of traditional onepts based on a mean
eld piture of the nuleus.
Another interesting approah is variational approah of the Tübingen
group [9, 10℄ where the lab frame wave funtions of the nuleus are on-
struted by projeting, onto all the preserved quantum numbers, an unre-
strited intrinsi mean eld wave funtion. The method is sometimes om-
plemented by allowing also multi partile-hole exitations whih are also vari-
ationally determined and then the set of wave funtions obtained is used to
diagonalize the Hamiltonian. This method fully shares one of the drawbaks
of the shell model approah, namely the one denoted by b) in the previ-
ous paragraph and it also partially suers from the drawbak a) of the shell
model, namely that not so big onguration spaes an be used in the al-
ulations. Up to now it has been possible to study nulei in the Kr (Z=36)
region with this method.
An approah that an be extended to heavy nulei is the Projeted Shell
Model (PSM) of Hara and Sun [11℄. In this method the Hamiltonian is taken
as the one of the Pairing+Quadrupole model with single partile energies t-
ted to experimental data. The HFB ground state and many multiquasipartile
exitations are projeted onto good angular momentum and the Hamiltonian
is diagonalized in the resulting basis. One of the advantages of the method
over the two previous ones is that bigger onguration spaes an be used
(up to three harmoni osillator major shells) but it shares the deieny
related to the tting proedure of the interation in order to get a reasonable
desription of experimental data.
Finally, we have the Monte Carlo Shell Model (MCSM) approah of Ot-
suka and ollaborators [12℄. In this method intrinsi wave funtions are gen-
erated stohastially and then projeted onto the right quantum numbers.
The resulting onguration is kept if its projeted energy is lower than a
given threshold generating in this way a basis of projeted wave funtions.
The Hamiltonian is diagonalized in this basis at the end. As in the other
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approahes, rather limited onguration spaes an be used (although it is
possible to arry out alulations for nulei as heavy as Barium ) and the
matrix elements of the interation have to be arefully tted to the region of
interest.
The four approahes just desribed share the ommon problem of the
eetive harges that have to be introdued in the alulation of transition
probabilities as a onsequene of the limited onguration spaes.
The main advantage of using beyond mean eld approahes with ee-
tive fores over the other approahes mentioned before relies in the universal
harater of the fores. The phenomenologial eetive fores are supposed
to be valid all over the Nulide Chart and are also supposed to ontain all
the ingredients needed to desribe well low energy nulear struture phenom-
ena. In addition, the eetives fores are dened over the whole onguration
spae (in priniple over the whole Hilbert spae, inluding even ontinuum
states) and therefore there is no need to speify whih orbitals will play a
role when a new phenomenon has to be desribed as all of them enter the
game and its role will be determined by the optimization of the energy. As a
bonus, no eetive harges are needed in the alulation of transition prob-
abilities. Another important advantage of the method omes from the fat
that the starting point is always the mean eld and therefore the results are
muh easier to interpret in terms of familiar quantities. Up to now the whole
AMPGCM has been performed with the quadrupole moment and restrited
to the axially symmetri ase, whih hints to the omputational drawbaks
of the method. In priniple one would like to take as many generator oor-
dinates as possible, however for the nowadays omputers a two dimensional
AMPGCM sets the limits of reasonable alulations. The reason is that the
eetive fores are dened in the whole onguration spae. As a onsequene,
it is apital for the method to perform reasonably well to have a good guess
of the relevant degrees of freedom to desribe a given phenomenon. Global
properties as binding energies, quadrupole moments, et, as well as ground
and olletive exited states are usually very well desribed by the method.
However, a very aurate desription of any general exited states beyond
the AMPGCM in its present form.
In the following we will disuss AMPGCM with eetive fores of the
Skyrme and Gogny type. In Set. 2 the mean eld approah will be briey
reviewed and the Skyrme and Gogny fores introdued. In Set. 3 the tehni-
alities of AMP will be disussed and some examples will be used to illustrate
the proedure. In Set. 4 onguration mixing with AMP will be presented an
its main outomes will be disussed with an example. In Set. 5 an aount
of the most remarkable results obtained so far with both the Skyrme and
Gogny interations will be presented and briey disussed. In Set. 6 we will
end up with an outlook of the results disussed and we will disuss further
developments of the theory.
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2 Symmetry Breaking Mean Field
The mean eld HFB wave funtions are determined in terms of quasi-partile
reation α+µ and annihilation αµ =
(
α+µ
)+
operators (Bogoliubov anonial
transformation)
α+µ =
∑
k
Ukµc
+
k + Vkµck
what are given as linear ombinations with the amplitudes Ukµ and Vkµ of
onvenient reation and annihilation single partile operators c+k and ck (usu-
ally reating or annihilating Harmoni Osillator eigenstates). The ground
state wave funtion is the produt wave funtion dened by the ondition
αµ|ϕ〉 = 0 and given by
|ϕ〉 =
∏
µ
αµ|0〉
where |0〉 is the true vauum wave funtion and the produt runs over all
quasi-partile quantum numbers leading to a non zero wave funtion |ϕ〉.
The Ukµ and Vkµ amplitudes are determined by requiring the HFB energy to
be a minimum what leads to the well known HFB equation(
h ∆
−∆∗ −h∗
)(
U V ∗
V U∗
)
=
(
U V ∗
V U∗
)(
E 0
0 −E
)
(1)
This is a non linear equation as the HFB elds h and ∆ depend on the
solution through the density matrix and pairing tensor (see [2, 3, 4, 1℄ for
tehnial details on how to solve this equation). As was already mentioned
in Set. 1 the solution of (1) does not preserve in many ases the symme-
tries of the Hamiltonian and is very usual to nd that it breaks rotational
invariane leading to a deformed matter density distribution whih is har-
aterized by its multipole moments like the quadrupole moments q2µ, the
otupole ones q3µ, the hexadeapole ones q4µ, et. In order to better hara-
terize the symmetry breaking solution it turns out to be onvenient to study
the HFB energy in the neighborhood of the self onsistent minimum. In this
way we an study whether the solution orresponds to a well developed min-
imum or if there are other loal minima around at an energy relatively lose
the one found indiating thereby that the mean eld solution obtained has
got hanes of being unstable when additional orrelations are inluded. The
best way to do suh an study is to arry out onstrained alulations where
the minimum of the HFB energy is sought but with the onstraint that the
mean values of relevant operators take a give value. In the ase at hand, it is
ustomary to onstraint in the mean value of the mass quadrupole operator.
The onstrained HFB equation is the same as the unonstrained one exept
for the substitution h → h − λo where o stands for the matrix of the single
partile matrix elements of the onstraining operator and λ for the hemial
potential that is determined as a Lagrange multiplier to fore the solution to
satisfy the imposed onstraint.
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For the interation to be used in the HFB alulation there are several
possible hoies but nowadays the most popular options seem to be the ee-
tive density dependent interations of Skyrme or Gogny type. Both are very
similar in struture the only dierene being that the former is a zero range
fore ontrary to the latter and therefore it annot be used for the alulation
of the matrix elements entering into the denition of the pairing eld.
Both the Skyrme [13, 14, 15℄ and Gogny [16℄ interations are two body,
density dependent phenomenologial interation given by the sum of four
terms
v(1, 2) = vC + vLS + vDD + vCoul.
The Coulomb eld vCoul = e
2/|r1 − r2|, the density dependent interation
vDD = t3(1 + Pσx0)δ(r1 − r2)ρα((r1 + r2)/2), and the two body, non-
relativisti spin orbit potential vLS = iWLS(∇12δ(r1 − r2) ∧∇12)(σ1 +σ2)
are the same or very similar in both interations (they usually dier in the
power α entering the density dependent term). However, the entral poten-
tial vC is dierent in both interations being of zero range in the ase of the
Skyrme interation
vC(Skyrme) = t0(1 + x0Pσ)δ(r1 − r2)
+
1
2
t1(1 + x1Pσ)[k
′2
12δ(r1 − r2) + δ(r1 − r2)k
2
12]
+ t2(1 + x2Pσ)k
′2
12δ(r1 − r2)k
2
12
whereas it is of nite range in the ase of the Gogny interation
vC(Gogny) =
∑
i=1,2
e−(r1−r2)
2/µ2i (Wi +BiPσ −HiPτ −MiPσPτ ) .
Both ontain the usual ombinations of spin and isospin projetor operators
Pσ and Pτ . In the ase of Gogny the nite range is modeled by the sum of
two Gaussian of dierent ranges. The nite range was introdued to prevent
the ultraviolet atastrophe that shows up in the evaluation of the pairing
potential. As a onsequene, it an be used for both the partile-hole and
partile-partile hannel of the HFB equations. This is not the ase for the
Skyrme interation and extra pairing interations with their orresponding
parameters are usually introdued to deal with the partile-partile hannel.
Conerning the parametrizations of the fore, in the ase of Skyrme there are
over a hundred parameterizations (like SIII[17℄, SkM[18℄, SkM* [19℄ or the
Lyon fores [20, 21℄) that more or less yield the same bulk nulear properties
at the saturation density but dier in other aspets like their behavior in
innite nulear and/or neutron matter or their performane to desribe the
olletive response of the nuleus. For the Gogny interation there are very
few parametrizations and in most alulations only the so alled D1S is used.
It was adjusted bak in 1984 [22℄ to reprodue nulear matter properties as
well as bulk properties of some seleted nite nulei. As this parameterization
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has performed rather well in all the ases where it has been applied it has
been kept over the years. However, taking into aount the poor performane
of Gogny for neutron matter a new parameterization was proposed [23℄ but it
has not thoroughly been tested up to now. A reent review on the mean eld
properties of eetive density dependent interations like the ones disussed
here an be found in [1℄.
Sine we are fousing in this leture on the rotational symmetry breaking
mehanism, whih is mainly haraterized by the mass quadrupole moment
of the density distribution, the starting point of the alulations (both with
the Skyrme or Gogny interation) is a onstrained HFB alulation with
the mass quadrupole omponents as onstrained quantities. As the resulting
wave funtions will be used in the ontext of Angular Momentum Projetion,
whih represents a very tough omputational problem, the alulations will
be restrited to axially symmetri, parity onserving ongurations denoted
by |ϕ(q20)〉 (i.e. by onstrution only the µ = 0 omponent of the quadrupole
tensor an be dierent from zero). These HFB wave funtions are obtained
as a solution of the orresponding HFB equation with the onstraint in the
mean value of the µ = 0 mass quadrupole operator 〈ϕ(q20)| z2 − 1/2(x2 +
y2) |ϕ(q20)〉 = q20. Also in both kind of alulations it is ustomary to neglet
the ontributions of the Coulomb eld to the exhange and pairing potentials
due to the high omputational ost assoiated with the alulation of those
elds (see [24℄ for a thorough disussion of these ontributions). In the ase
of the Gogny fore alulations we have added the exhange Coulomb energy
evaluated in the Slater approximation at the end of the alulation in a
perturbative fashion.
Usually the HFB equation is solved for the Skyrme interation in oor-
dinate spae representation by introduing a Cartesian mesh whereas in the
ase of the Gogny fore a Harmoni Osillator (HO) basis is used inluding
up to N0 omplete shells. The HO length parameters are hosen to be equal
in order to preserve the rotational invariane of the basis whih is a very
important requirement for the subsequent Angular Momentum Projetion
alulations [25℄.
As an example of the kind of results it is possible to obtain we have plotted
in Fig. 1 the HFB energies omputed with the Gogny fore as a funtion of
q = q20/A
5/3
(the variable q is dened to be independent of mass number
A, like the deformation parameter β) for ve representative nulei, namely
32
Mg,
32
S,
164
Er,
186
Pb and
208
Pb. These nulei have been hosen as they
represent typial ases: In the doubly magi
208
Pb there is no spontaneous
symmetry breaking and the energy has a minimum at q = 0 with a very deep
and sti well. In the nuleus
164
Er we have two minima one prolate (q > 0)
whih is the absolute minimum and the other oblate (q < 0) separated by a
rather high barrier. In the nuleus
32
S we have an spherial minimum but at
a given deformation an exited loal minimum appears orresponding to a
super-deformed onguration (obviously there are better examples of super-
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Fig. 1. HFB energies as a funtion of the quadrupole deformation parameter q =
q20/A
5/3
for ve relevant nulei. Energies are relative to the respetive absolute
minimum
deformed states both in the rare earth region as well as in the Hg region;
we have hosen this partiular example as is the only one where subsequent
AMP alulations have been arried out). In the ase of the neutron deient
magi
186
Pb we have three minima one spherial (the absolute minimum) and
two exited minima, one prolate and the other oblate, whih have energies
very lose to the one of the ground state (shape oexistene). Finally, in the
neutron rih N = 20 magi nuleus 32Mg we obtain a spherial minimum
(q = 0) and a shoulder at around 1 MeV exitation energy. Similar results
are obtained for the Skyrme interation as we will see in Set. 5.
3 Angular Momentum Projetion
In the following subsetions we will introdue all the tehnology to arry out
angular momentum projetion without entering into muh details as most
of them an be found in the literature. However, we will devote some more
attention to the issue of how to deal with density dependent interations.
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3.1 The Projetor Operator
Wave funtions | ΨIM 〉 eigenstates of J2 and Jz with eigenvalues ~2I(I + 1)
and ~M respetively an be built out of a given deformed mean eld state
| ϕ〉 by applying the angular momentum projetor
| ΨIM 〉 =
∑
K
gIKPˆ
I
MK | ϕ〉. (2)
The angular momentum projetion operator Pˆ IMK is given by [5℄
Pˆ IMK =
2I + 1
8pi2
∫
dΩDI∗MK(Ω)Rˆ(Ω) (3)
where Ω represents the set of the three Euler angles (α, β, γ), DIMK(Ω) are
the well known Wigner funtions [26℄ and Rˆ(Ω) = e−iαJˆze−iβJˆye−iγJˆz is the
rotation operator. That | ΨIM 〉 is an angular momentum eigenstate is very
easy to hek. Applying the rotation operator Rˆ(Ω) to it we obtain
Rˆ(Ω) | ΨIM 〉 =
2I + 1
8pi2
∑
K
gIK
∫
dΩ′DI∗MK(Ω
′)Rˆ(Ω +Ω′) | ϕ〉 .
Now the integral on the three Euler angles is rewritten as
∫
dΩ′DI∗MK(Ω
′ −Ω)Rˆ(Ω′) | ϕ〉 =
∑
L
DIML(Ω)
∫
dΩ′DI∗LK(Ω
′)Rˆ(Ω′) | ϕ〉
whih shows that
Rˆ(Ω) | ΨIM 〉 =
∑
L
DIML(Ω) | ΨIL〉
The quantities gIK are arbitrary at this point and are usually determined in
a variational sense to yield a minimum of the projeted energy. The resulting
equation will be disussed in the next subsetion. Other relevant properties
of the projetion operator an be easily dedued from the following represen-
tation of the projetor [27℄
P IMK =
∑
α
|αIM〉〈αIK| . (4)
Using this representation is very easy to derive the property
(
P IMK
)+
P I
′
M ′K′ = δII′δMM ′P
I
KK′ (5)
as well as
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(
P IMK
)+
= P IKM . (6)
An interesting quantity is the overlap between the intrinsi wave funtion
|ϕ〉 and the projeted wave funtions | ΨIM 〉 that gives the probability am-
plitude of nding the angular momentum I and third omponent M in the
intrinsi wave funtion. In Fig. 2 we have plotted suh quantities as a fun-
tion of the quadrupole deformation for the axially symmetri HFB solutions
obtained for the nulei
32
Mg and
164
Er that were disussed in Set. 2. As the
intrinsi wave funtions are axially symmetri the only meaningful quantity
in this ase is N I(q20) = 〈ϕ(q20)|P
I
00|ϕ(q20)〉 that is the quantity plotted.
We observe that the spherial solution (q20 = 0) only has I = 0 omponent
or in other words the HFB solution orresponding to q20 = 0 is already an
eigenstate of angular momentum with I = 0. For inreasing deformation the
I = 0 probability dereases whereas the other omponents inrease up to a
given point and from there on they derease. Finally, for large deformations
all the omponents are of the same order of magnitude implying a strong
spreading of angular momentum for the intrinsi state.
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Fig. 2. Projeted norms N I(q) for I = 0, 2, 4, 6 and 8 (dashed lines orrespond
to I = 2 and 6 ) plotted as a funtion of the quadrupole deformation parameter
q = q20/A
5/3
for
32
Mg and
164
Er
Finally, it has to be mentioned that there are other representations of the
projetor P IMK as the one of [28℄ that use the rotation operator in the form
Rˆ(κ) = exp(−iκnJ).
3.2 The Projeted Energy
The projeted energy EI is simply given by
EI =
〈ΨIM | Hˆ | ΨIM 〉
〈ΨIM | ΨIM 〉
(7)
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and the fat that this quantity is independent of M is a diret onsequene
of the invariane of the Hamiltonian under rotations.
Up to now nothing has been said about the gIK oeients as the geomet-
rial properties of | ΨIM 〉 do not depend on them. However, we an exploit
this degree of freedom in a variational sense to minimize the projeted energy
with respet to those parameters. The resulting equation reads
∑
K′
gIK′
(
〈ϕ|HˆP IKK′ |ϕ〉 − E
I〈ϕ|P IKK′ |ϕ〉
)
= 0 .
To ompute 〈ϕ|HˆP IKK′ |ϕ〉 we have to perform a three dimensional integral
over the Euler angles of an integrand that involves the well known Wigner
funtions and the Hamiltonian overlap 〈ϕ|HˆRˆ(Ω)|ϕ〉. The latter quantity an
be straightforwardly evaluated by means of the extended Wik theorem [29℄
and the sign problem of the norm dealt with as suggested in [30℄, but it turns
out that its evaluation for the ase at hand is a very intensive omputational
task that has to be repeated for all the Euler angle mesh points used to
evaluate the three dimensional integral numerially. For present single CPU
omputers this is a task that demands of the order of tens of hours to om-
plete. However, for the Skyrme interation there has been an attempt [31℄
to arry out the full alulation for low spins by restriting the number of
mesh points in the α and γ integrations and this is a path worth to be ex-
plored in the future. For the other approahes mentioned in the introdution
the omputational ost is muh smaller due to the restrited onguration
spaes and therefore the full projetion is routinely arried out. Fortunately,
in many ases the restrition to axially symmetri intrinsi wave funtions
seems to be a sound approximation [32℄ that redues the omputational bur-
den by almost two orders of magnitude. For even-even nulei when |ϕ〉 is
axially symmetri it satises Jz|ϕ〉 = 0 and therefore 〈ϕ|HˆRˆ(Ω)|ϕ〉 redues
to 〈ϕ|Hˆe−iβJy |ϕ〉 whih is independent of α and γ. As a onsequene the in-
tegrals in α and γ are trivial and yields (2pi)2δK,0δK′,0. With this restrition
we get for the projeted energy
EI =
∫ pi
0
dβ sin(β)dI00(β)〈ϕ|Hˆe
−iβJy |ϕ〉∫ pi
0
dβ sin(β)dI00(β)〈ϕ|e
−iβJy |ϕ〉
=
∫ pi
0
dβ sin(β)dI00(β)h(β)n(β)∫ pi
0
dβ sin(β)dI00(β)n(β)
(8)
with n(β) = 〈ϕ|e−iβJy |ϕ〉 and h(β) = 〈ϕ|He−iβJy |ϕ〉. Using as self-onsistent
symmetry for the intrinsi wave funtion the signature (essentially the inver-
sion of the x axis, and given by the operator Πe−ipiJx) it is possible to redue
the integration interval to [0, pi/2] and to show that for even-even nulei the
projeted energy is only dened for even values of the angular momentum
I when the intrinsi state is reetion symmetri. When the intrinsi state
is not reetion symmetri the redution of the interval of integration im-
plies a projetion onto good parity pi in addition to the angular momentum
projetion and the rule (−1)I = pi is obtained.
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3.3 How to Deal with the Density Dependent Term of the
Interations
When dealing with density dependent (DD) fores we fae the problem
that the DD term is only dened at the mean eld level: In the evalua-
tion of the expetation value of the Hamiltonian 〈ϕ|Hˆ |ϕ〉 the DD inter-
ation is given in terms of ρ(R) = 〈ϕ|ρˆ(R)|ϕ〉 whih is evaluated as an
expetation value with the same wave funtion used in the evaluation of
the energy. However, in the alulation of the projeted energies we need
the Hamiltonian overlap 〈ϕ|HˆRˆ(Ω)|ϕ〉 and, as the DD term has a phe-
nomenologial origin, it is not lear whih density should be used in the
DD term of the interation for the evaluation of the above mentioned over-
lap. The same problem arises with the overlap needed in the Generator Co-
ordinate Method (GCM), namely 〈ϕ0|Hˆ |ϕ1〉. Several presriptions have
been proposed to ope with this problem: in one [33℄, inspired by a general-
ized Bruekner expansion, the density is replaed by the linear ombination
1
2 (〈ϕ|ρˆ(R)|ϕ〉 + 〈ϕ|ρˆ(R)Rˆ(Ω)|ϕ〉); in other alled the mixed density pre-
sription the quantity 〈ϕ|ρˆ(R)Rˆ(Ω)|ϕ〉/〈ϕ|Rˆ(Ω)|ϕ〉 is proposed [34℄ (see also
[35℄ for a thorough disussion in the ontext of Partile Number Projetion)
and it is inspired by the way the Hamiltonian overlap is omputed with the
aid of the extended Wik theorem. There are some more presriptions, like
the one proposing a rotational invariant density dependent term, but we will
not omment them here. In any ase, as in most of the presriptions the DD
term breaks rotational invariane and even hermitiity, it is very important
to show that the presriptions are onsistent with general properties of the
projeted energy like being a real quantity and that the projeted energy is
independent of M , i.e., Eq. (7) is satised. In [36℄ has been shown that the
mixed density presription 〈ϕ|ρˆ(R)Rˆ(Ω)|ϕ〉/〈ϕ|Rˆ(Ω)|ϕ〉 satises the two
previous requirements as it also does the other presription. At this point it
might seem paradoxial to have a Hamiltonian whih is not rotational invari-
ant but this apparent paradox an be solved if density dependent Hamiltonian
are thought not as genuine Hamiltonian but rather as devies (in the spirit
of the Density Funtional Theory) to get an elaborated energy funtional of
the density.
3.4 Transition Probabilities and Spetrosopi Fators
Transition probabilities are the physial quantities that have most sensitivity
to the approximations made to the wave funtions. For instane, transition
probabilities have seletion rules that an not be reprodued unless the wave
funtions used are eigenstates of the angular momentum Casimir operators
J2 and Jz. In this setion we will present the way they are omputed when
the wave funtions used ome from an angular momentum projeted intrinsi
state and speialized formulas for the ase of an axially symmetri intrinsi
state will be presented.
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The only property we will need is the transformation law of the multipole
operators Qˆλµ under rotations
Rˆ(Ω)QˆλµRˆ
†(Ω) =
∑
µ′
Dλ
µ′µ
(Ω)Qˆλµ′ (9)
Using the well known result for the produt of two Wigner funtions [26℄ as
well as the denition of (3) for the angular momentum projetion operator
and the property
Pˆ IMK Pˆ
I′
K′M ′ = δI,I′δK,K′Pˆ
I
MM ′ (10)
we obtain after some algebra the result
Pˆ
If
KfMf
QˆλµPˆ
Ii
MiKi
= 〈IiMiλµ | IfMf〉
×
∑
νµ′
(−)µ
′
−µ〈Iiνλµ
′
| IfKf〉Qˆλµ′ Pˆ
Ii
νKi
. (11)
With the denition of the projeted wave funtions (2) and the previous
result we obtain
〈ΨIfMf | Qˆλµ | ΨIiMi〉 =
〈IiMiλµ | IfMf 〉√
2If + 1
〈If || Qˆλ || Ii〉 (12)
with
〈If || Qˆλ || Ii〉 =
(2Ii + 1)(2If + 1)
8pi2
(−)Ii−λ
∑
KiKfνµ
′
(−)Kf g
If∗
Kf
gIiKi
×
(
Ii λ If
ν µ
′
−Kf
)∫
dΩDIi∗νKi(Ω)〈ϕf | Qˆλµ′ Rˆ(Ω) | ϕi〉 .(13)
The previous derivation only uses the tensor properties of the eletri multi-
pole operator and therefore also applies to the ase of the magneti multipole
operators.
Taking advantage of the axial symmetry of the intrinsi wave funtion
as well as the self-onsistent symmetry Πe−ipiJˆx we an simplify the above
expressions as follows. First we have
〈ϕf | Qˆλµ′ Rˆ(Ω) | ϕi〉 = e
iαµ
′
〈ϕf | Qˆλµ′ e
−iβJˆy | ϕi〉 (14)
that leads to
∫
dΩDIi∗QKi(Ω)〈ϕf | Qˆλµ′ Rˆ(Ω) | ϕi〉 = 4pi
2δQ−µ′ δKi0
×
∫ pi
0
dβ sin(β)dIi∗
−µ′0
(β)〈ϕf | Qˆλµ′ e
−iβJˆy | ϕf 〉 . (15)
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Applying this result to the expression (13) we obtain
〈If || Qˆλ || Ii〉 =
(2Ii + 1)(2If + 1)
2
(−)Ii−λ
∑
µ′
(
Ii λ If
−µ
′
µ
′
0
)
×
∫ pi
0
dβ sin(β)dIi∗
−µ′0
(β)〈ϕf | Qˆλµ′ e
−iβJˆy | ϕi〉
= (2Ii + 1)(2If + 1)(−)
Ii−λ
1 + (−)Ii
2
∑
µ′
(
Ii λ If
−µ
′
µ
′
0
)
×
∫ pi
2
0
dβ sin(β)dIi∗
−µ′0
(β)〈ϕf | Qˆλµ′ e
−iβJˆy | ϕi〉 (16)
where we have redued, in the last line, the integration interval to half the
original one making use of the self-onsistent signature symmetry of the in-
trinsi wave funtion.
3.5 Variation Before and After Projetion
Now that we know how to ompute the projeted quantities we an take for
a given nuleus its mean eld ground state and projet it out to obtain the
projeted energies for dierent angular momenta. This proedure is alled
the Projetion After Variation (PAV) method as the intrinsi state is deter-
mined at the mean eld level and projeted afterwards. For the nulei used
as examples in Set. 1 we will obtain for the I = 0 ground state the same
projeted energy as the intrinsi one for all the examples disussed exept
for
164
Er where a lowering of 3.07 MeV is obtained. For I = 2 the projeted
energy for those nulei with an spherial intrinsi state is an indeterminay
of the type zero divided by zero. For the deformed
164
Er we will obtain for
I = 2 an exited state whih is 139.4 keV higher than the I = 0 projeted
ground state.
As the energy gain due to projetion for the ground state of
164
Er was
of the order of a few MeV one may wonder whether this energy gain an be
strong enough for some deformed ongurations as to overome the mean
eld energy dierenes and produe projeted energies whih ould be lower
than the one given by the PAV method. To eluidate this possibility we have
plotted in Fig. 3 the I = 0 and I = 2 projeted energies along with the HFB
results (dashed line) for all the nulei onsidered in Set. 2.
For the well deformed
164
Er nuleus the eet of projetion is just an
overall shift of the energy with respet to the HFB urve exept around
q = 0 where for I = 0 the projeted energy has to oinide with the intrinsi
one. In this nuleus the I = 2 urve is so lose to the I = 0 one that is
almost indistinguishable from the latter with the sale used for the plot,
exept around q = 0 where the intrinsi wave funtion has an overlap zero
with the I = 2 projeted state (see Fig. 2 ).
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Fig. 3. Angular momentum projeted energies for I = 0 and I = 2 along with the
HFB energy (dashed urves) plotted as a funtion of the quadrupole deformation
parameter q = q20/A
5/3
for ve relevant nulei.
Not surprisingly the projeted energies show minima in all nulei onsid-
ered (exept
164
Er) whih orrespond to deformed intrinsi ongurations !
In addition, the intrinsi ongurations orresponding to the I = 0 and I = 2
minima are in the examples presented very lose but they do not share exatly
the same intrinsi state. If we now take as the wave funtion of the system
for eah angular momentum I the one that gives the lower projeted energy
as a funtion of q we will be doing things properly (the variational prini-
ple again) and we will be using a restrited version of the Projetion Before
Variation method (PBV). In the PBV method the intrinsi wave funtion
for eah angular momentum is determined by minimizing not the intrinsi
energy but the projeted one. The example mentioned above is a restrited
version of the PBV method as we are not exploring, by onsidering only wave
funtions onstrained to a given quadrupole deformation, the whole Hilbert
spae. However, we an argue that as the quadrupole moment is the main
quantity haraterizing the amount of rotational symmetry breaking, it is
the most relevant degree of freedom in terms of the PBV method and there-
fore just onsidering it gives results very lose to the ones of the exat PBV
proedure.
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At this point it has to be said that exept the shell model, all the teh-
niques mentioned in the introdution aiming to a better desription of the nu-
lear many body problem are dierent versions (or views) of the PBV method.
What is dierent among them is the way the Hilbert spae is searhed (fully
in the Tubingen approah, by means of multiquasipartile exited states in
the PSM, stohastially in the MCSM, et).
Coming bak to the disussion of Fig. 3 it is amazing the large eet
aused by projetion for the I = 0 ground state even in spherial nulei !
The two light nulei
32
Mg and
32
S beome well deformed when projetion is
onsidered (in good agreement with the experimental results for
32
Mg). Even
the double magi nuleus
208
Pb beomes slightly deformed
1
and in this way it
gains 1.8 MeV in orrelation energy. This is an important fat (also observed
in other doubly magi nulei like
16
O,
40
Ca and
48
Ca) that should be taken
into aount in the tting proedure of the eetive interations treated in
this paper. In this respet, the eet an also be relevant for the evaluation of
masses with astrophysial purposes: in a reent t of the Skyrme interation
[37℄ to the known nulear masses the rotational energy orretion is inluded
(in an approximate way to be disussed below) for deformed nulei in the
spirit of the PAV and therefore is disregarded for spherial nulei. However,
taking into aount the results just disussed for
208
Pb the rotational energy
orretion should also be onsidered for spherial nulei although the proe-
dure to evaluation this quantity an be muh more umbersome than for the
situation of a well deformed ground state.
The important quantity in the desription of the ground state in the on-
text of the PBV method is the ground state energy gain due to the projetion
and given for even-even nulei by
EREC = EHFB − E
I=0
(17)
It is also alled the Rotational Energy Corretion (REC) and is a quantity
whih inreases with inreasing deformation of the system and its typial
values are in the range of a few MeV. This is an important orretion when
shape oexistene is present in the system as it an substantially modify
the piture emerging from the mean eld and make an exited minimum or
shoulder the ground state. It also redues in a few MeV the ssion barrier
heights with respet to the mean eld result and an have important eets
even for spherial nulei. Several examples will be disussed below in Fig. 6.
1
In fat there are two deformed minima, one prolate and the other oblate with
approximately the same energy and the same absolute value of the quadrupole
moment. In these ases as we will see in Setion 4 one should perform ong-
uration mixing alulations. The resulting wave funtion provides an spherial
nuleus and an additional energy lowering of about 1 MeV
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3.6 An Approximate Evaluation of the Projeted Energies: The
Strong Deformation Limit, the Kamlah Expansion and the Like
The exat expressions for the projeted energy and transition probabilities
are too ompliated to have an intuitive understanding of their eets. There-
fore it is onvenient to have estimations given in terms of simple quantities
expressible in terms of the underlying intrinsi state. On the other hand,
the evaluation of the exat projeted quantities is rather ostly in terms of
omputational time an is desirable to have good estimations that are eas-
ier to ompute. Suh estimations an be easily obtained by means of the
Kamlah expansion [38, 39℄ whih is valid in the strong deformation limit. To
understand the essene of the approximation let us onsider for simpliity the
axially symmetri ase and angular momentum zero. The projeted energy
is given in this situation by
EI=0 =
∫ pi/2
0 dβ sin(β)h(β)n(β)∫ pi/2
0 dβ sin(β)n(β)
where, as ompared to (8) we have redued the integration interval to pi/2
by using the signature as a symmetry of the intrinsi wave funtion. If the
intrinsi wave funtion is strongly deformed, the overlap n(β) will only be
signiantly dierent from zero when β ≈ 0 and will experiene a fast deay
away from that value. In fat, n(β) an be approximated by [3℄
n(β) ≈ e−
1
2
〈J2y〉β
2
. (18)
Next, we assume that h(β) is a smooth funtion of β that an be expanded
to a good auray in a power series up to seond order in β
h(β) ≈ h0 −
1
2
h2β
2 + . . . (19)
with h0 = 〈H〉 and h2 = −
d2h(β)
dβ2 |β=0
. Then the projeted energy is given by
EI=0 = h0 −
1
2
h2Λ0(〈J
2
y 〉)
where Λ0(〈J
2
y 〉) =
∫ pi/2
0
dβ sin(β)β2e
− 1
2
〈J2y〉β
2
∫ pi/2
0
dβ sin(β)e
− 1
2
〈J2y〉β
2
. As this funtion goes to one when
〈J2y 〉 >> 1 we nally arrive to the well known formula for the rotational
energy orretion in the strong deformation limit
EI=0 = h0 −
1
2
h2 (20)
whih is nowadays widely used in many alulations to get an estimation of
the eet of angular momentum projetion in the I = 0 ground state. To test
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the auray of this approximation we have omputed for the nuleus
164
Er
the exat quantities n(β) and h(β) for dierent quadrupole deformations and
the results are presented in Fig. 4 along with the approximate estimates of
(18) and (19).
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Fig. 4. A omparison of the exat n(β) and h(β) (full line with symbols) with the
approximated expressions of (21) and (22) (full line) as well as the standard ones
of (18)and (19) (dashed lines) for dierent deformation parameters q. The quantity
h(β) has been multiplied in eah panel by the indiated fator
We observe how for strong and moderate deformations the approximated
estimates do rather well and we an onlude that the approximation to the
I = 0 projeted energy is reasonable. However, for small deformations this is
not the ase and we expet a failure of the method. As it was suggested by
Reinhard [40, 41, 32℄ the behavior of the overlaps an be better approximated
for the small deformation ase by using the ansatz
n(β) ≈ e−
1
2
〈J2y〉 sin
2(β)
(21)
and
h(β) ≈ h0 −
1
2
h2 sin
2(β) + . . . (22)
instead of (18) and (19). This ansatz is inspired by the properties n(β) =
n(pi− β) and h(β) = h(pi− β) that the exat quantities have to satisfy when
the simplex symmetry is imposed in the intrinsi wave funtion and also by
analytial results obtained with harmoni osillator wave funtions. To hek
the quality of the new ansatz we have plotted in Fig. 4 the new quantities.
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Fig. 5. Left panel: The funtion Λ(x) dened in (24) as a funtion of x. Right
panel: The expetation value 〈J2y 〉 as a funtion of the deformation parameter q
We observe how the quality of the ansatz is exellent for small deformations
and it also improves the results at moderate and strong deformations.
Using the new ansatz, the projeted energy for I = 0 is now given by
EI=0 = h0 −
1
2
h2Λ(〈J
2
y 〉) (23)
with
Λ(〈J2y 〉) =
∫ pi/2
0 dβ sin(β)β
2e−
1
2
〈J2y〉 sin
2(β)
∫ pi/2
0 dβ sin(β)e
− 1
2
〈J2y〉 sin
2(β)
. (24)
To understand the hanges indued by the new ansatz the universal funtion
Λ(x) has been plotted in the left panel of Fig. 5 as a funtion of x. There we
observe how for big values of x it goes to 1 reovering the standard results
and it rapidly dereases for x going to zero in good agreement with the fat
that 〈J2y 〉 = 0 orresponds (for axially symmetri systems) to an spherial
wave funtion where the eet of angular momentum projetion is null. In-
terestingly, the funtion Λ(x) has a maximum at x ≈ 7 thus enhaning the
rotational energy orretion at this point. From the shape of this urve it is
lear that Λ(x) indues strong hanges in the energy for x values smaller than
7 and an smooth modulation of it at larger values. The interesting question is
to know the deformation range for whih x, i.e., 〈J2y 〉, satises 0 ≤ 〈J
2
y 〉 ≤ 7.
In the right panel of Fig. 5 we have represented 〈J2y 〉 versus q for the indiated
nulei. We nd that the relevant intervals are −0.2 ≤ q ≤ 0.2 for 32Mg and
−0.05 ≤ q ≤ 0.05 for 164Er and 208Pb.
In Fig. 6 we now ompare the exat rotational energy orretion (17) at
zero spin with the standard approximation (20) and the one by Reinhard (23)
for the mentioned nulei. The exat REC is zero for spherial intrinsi states,
it typially inreases rather abruptly for small deformations and at some point
it slides down and from there on its growing rate stabilizes to a smaller value.
It is interesting to see that the largest hanges in the REC are given in the
20 J. L. Egido and L. M. Robledo
predited range −0.2 ≤ q ≤ 0.2 for 32Mg and −0.05 ≤ q ≤ 0.05 for 164Er and
208
Pb. As an be observed in this plot the standard approximate expression
of (20) does pretty bad in the orresponding deformation ranges indiated
above while Reinhard's one does pretty well even in the ritial regions. This
is an enouraging result as it an enormously simplify the estimation of the
rotational energy orretion in all kind of nulei, spherial or deformed, and
therefore an make possible its use in massive mass evaluations like the ones
needed for astrophysial purposes.
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Fig. 6. Rotational energy orretions as a funtion of the quadrupole deformation
parameter q = q20/A
5/3
for
32
Mg,
164
Er and
208
Pb. The full line represents the
exat result of (17) whereas the dashed line stands for the approximation (23) and
the dotted one for the standard orretion, see (20)
What we have said up to now is based in the assumption that the intrinsi
wave funtion is axially symmetri and we have restrited the disussion to
zero spin. In the general ase things an be worked out for the full projetion
[38, 39℄ and the following expression is obtained in the strong deformation
limit
EI = 〈H〉 −
〈∆J2〉
2JY
+ ω
(√
I(I + 1)− 〈J2z 〉 − 〈Jx〉
)
+
1
2JY
(√
I(I + 1)− 〈J2z 〉 − 〈Jx〉
)2
(25)
where JY is the Yooz moment of inertia given by
1
2JY
=
〈∆H∆J2〉
2
(
〈∆J2x〉
2 + 〈J2y 〉
2 + 〈J2z 〉
2
)
(26)
and
ω =
〈H∆Jx〉
〈∆J2x〉
. (27)
In order to pin down the physis behind this expression let us assume that the
intrinsi wave funtion is time reversal invariant. In this ase ω = 〈Jx〉 = 0.
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If, additionally, we impose an axially symmetri wave funtion then 〈J2z 〉 = 0
and the approximate projeted energy beomes
EI = 〈H〉 −
〈∆J2〉
2JY
+
I(I + 1)
2JY
whih orresponds to the energy of a rotor with intrinsi energy 〈H〉− 〈∆J
2〉
2JY
,
angular momentum I and moment of inertia JY . In other words, we have
a rotational band with the typial I(I + 1) behavior and with the Yooz
moment of inertia. The intrinsi energy is not simply 〈H〉 but it is redued
by the so alled rotational energy orretion (REC) given by
〈∆J2〉
2JY
. Unfortu-
nately, in this ase the ansatz proposed by Reinhard is not easy to generalize
and work is needed in order to get equivalent results in the most general ase.
In this respeted, perhaps the representation of [28℄ an prove to be useful.
Another interesting aspet of the approximate energy obtained in (25)
onerns its use in the ontext of the Projetion Before Variation method.
If one assumes that the approximate energy is a sound approximation to
the projeted energy then, requiring the intrinsi state to lead to a mini-
mum of that expression, is an approximate PBV minimization proess. The
minimization proess gets rather umbersome due to the rotational energy
orretion term but it has been shown in many examples that this orretion
stays rather onstant in the domain of validity of (25) and therefore it is
safe to neglet it in the variational proess. Negleting the variation of the
REC one ends up with the variational equation of the self-onsistent ranking
model
δ〈ϕ|H − ωJx|ϕ〉 = 0 (28)
where ω is determined as to satisfy the onstraint
〈ϕ|Jx|ϕ〉 =
√
I(I + 1)− 〈J2z 〉 .
This equation has to be solved for eah value of I and the intrinsi wave
funtion is therefore I dependent. Another interesting aspet is related to
the fat that Jx is odd under time reversal and therefore the intrinsi wave
funtion breaks time reversal invariane as well as axial symmetry. The energy
spetrum obtained is well represented by the energy of a rotor
EI =
I(I + 1)
2JSCC(I)
where the self-onsistent ranking moment of inertia eventually depends on
I. If we now ompare this spetrum with the one given by (25) orresponding
to the PAV method we notie that the two moments of inertia are formally
dierent. In the ranking model we have the self-onsistent moment of inertia
whereas in the PAV method we have the Yooz one. How dierent they are
depends on the interation (probably on the eetive mass but there is no
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formal proof) but to give a taste of the kind of dierenes one an expet
we an say that in the ase of
164
Er the energy dierene EI=2 − EI=0 is
139.4 keV for the exat PAV whereas the ranking model gives 78.8 keV,
that is the ranking result is roughly a fator 0.6 smaller than the PAV one.
Formally, the ranking results are better than the PAV (even though they an
ompare worse with experiment due to the interation used) as the former
are based on the PBV method. However, this does not mean that we have
also to use the self-onsistent ranking moment of inertia (or its lose ousin,
the Thouless Valatin moment of inertia) in the evaluation of the rotational
energy orretionEREC =
〈∆J2〉
2JY
as it is sometimes done: the REC has always
to be evaluated with the Yooz moment of inertia. The above disussion is
also in good agreement with the results of [42, 43℄ where also an approximate
PBV was arried out but in a dierent ontext.
4 Conguration mixing
In the previous setions we have had the opportunity to glane to several An-
gular Momentum Projeted Energy Surfaes (AMPES) belonging to dierent
nulei. In many of them we have obtained several minima whih are lose in
energy and are also separated by low and narrow barriers and therefore it
is expeted that ongurations mixing of those states will lead to a further
redution of the energy of the states. In this setion we will investigate this
possibility in the framework of the Angular Momentum Projeted Genera-
tor Coordinate Method (AMPGCM). A general AMPGCM wave funtion
| ΦIM (σ)〉 is written as a linear ombination of the generating funtions
| ΨIM (q)〉 whih are obtained by projeting onto good angular momentum
a set of intrinsi wave funtions whih are haraterized by several param-
eter (usually multipole moments of the mass distribution ) q = {q1, q2, ...}.
Expliitly we have
| ΦIM (σ)〉 =
∫
dqf I,σ(q) | ΨIM (q)〉 =
∑
K
∫
dqf
I,σ
K (q)P
I
MK |ϕ(q)〉 . (29)
The amplitudes f I,σ(q) are solutions of the Hill-Wheller (HW) equation [6℄
∑
K′
∫
dq′f
I,σ
K′ (q
′)
(
〈ϕ(q)|HP IKK′ |ϕ(q
′)〉 − EI,σ〈ϕ(q)|P IKK′ |ϕ(q
′)〉
)
= 0 .
This equation is derived by imposing the AMPGCM energy to be a minimum.
As it was mentioned before the alulations are usually restrited to axially
symmetri (K = 0) ongurations and in this ase the angular momentum
projeted Hill-Wheeler equation redues to∫
dq′f I,σ(q′)
(
〈ϕ(q)|HP I00|ϕ(q
′)〉 − EI,σ〈ϕ(q)|P I00|ϕ(q
′)〉
)
= 0 .
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This is an integral equation where the Hamiltonian kernel HI(q,q′) =
〈ϕ(q)|HP I00|ϕ(q
′)〉 and the norm overlap N I(q,q′) = 〈ϕ(q)|P I00 |ϕ(q
′)〉 play
the entral role. The HW equation is a non-orthogonal eigenvalue equation
that is usually reasted in terms of orthogonal quantities by diagonalizing
rst the norm overlap
∫
dq′N I(q,q′)ul(q
′) = nIl ul(q)
what allows to write the norm overlap as
N I(q,q′) =
∑
l
nIl u
∗
l (q)ul(q
′) .
Inserting this expression into the HW equation and dening the amplitudes
gI,σl = (n
I
l )
1/2
∫
dq′f I,σ(q′)ul(q
′)
and using the inverse relation
f I,σ(q′) =
∑
l
gI,σl
(nIl )
1/2
u∗l (q
′) (30)
we end up with the HW equation written as
∑
l′
(HCll′ − E
I,σδll′)g
I,σ
l′ = 0
where the olletive image of the Hamiltonian kernel HCll′ is dened as
HCll′ =
∫
dqdq′
u∗l (q)
(nIl )
1/2
HI(q,q′)
ul′(q
′)
(nIl′)
1/2
.
The solution of this redued equation produes the eigenvalues EI,σ labeled
by the σ index and the eigenvetors gI,σl from whih we an ompute the
amplitudes f I,σ(q′) using (30).
In order to interpret the GCM results it is ustomary to introdue the
olletive wave funtions
gI,σ(q) =
∫
dq′
(
N 1/2
)I
(q,q′)f I,σ(q′) =
∑
l
gI,σl ul(q)
and the reason is that they are orthogonal, ontrary to their ounterpart
f I,σ(q′), and therefore their modulus squared an be interpreted as a prob-
ability amplitude.
In our partiular ase the set of labels q redues to the quadrupole moment
q20. If we take into aount the axial symmetry imposed to the intrinsi wave
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funtions and write expliitly the projetor operator we end up with the
following expressions for the norm overlap
N I(q20, q
′
20) = (2I + 1)
∫ pi
2
0
dβ sin(β)dI∗00(β)〈ϕ(q20) | e
−iβJˆy | ϕ(q
′
20)〉 (31)
and the Hamiltonian kernel
HI(q20, q
′
20) = (2I + 1)
∫ pi
2
0
dβ sin(β)dI∗00(β)〈ϕ(q20) | HˆDDe
−iβJˆy | ϕ(q
′
20)〉
(32)
where HˆDD now depends on the density ρ
GCM
β (r) given by
ρGCMβ (R) =
〈ϕ(q20) | ρˆ(R)e−iβJˆy | ϕ(q
′
20)〉
〈ϕ(q20) | e−iβJˆy | ϕ(q
′
20)〉
. (33)
This is the obvious generalization in the framework of the onguration mix-
ing alulation of the mixed density presription desribed in Set. 3.3 for
the density dependent part of the interation.
Finally, from the knowledge of the amplitudes f I,σ(q20), we an ompute
the redued B(E2) transition probabilities and the spetrosopi quadrupole
moments Qspec(I, σ). This is one of the main motivations for arrying out a
onguration mixing alulation of angular momentum projeted wave fun-
tions in the ase of Gogny and Skyrme fores, sine both interations allow
the use of full onguration spaes and then one is able to ompute tran-
sition probabilities and spetrosopi quadrupole moments without eetive
harges. In the framework of the AMPGCM the B(E2) transition probability
between the states (Ii, σi) and (If , σf ) is expressed as (see Set. 3.4 for more
details)
B(E2, Iiσi → Ifσf ) =
e2
2Ii + 1
(34)
×
∣∣∣∣
∫
dqidqff
∗If ,σf (qf )〈If qf || Qˆ2 || Iiqi〉f
Ii,σi(qi)
∣∣∣∣
2
and the spetrosopi quadrupole moment for the state (I ≥ 2, σ) is given by
Qspec(I, σ) = e
√
16pi
5
(
I 2 I
I 0 −I
)
(35)
×
∫
dqidqff
∗I,σ(qf )〈Iqf || Qˆ2 || Iqi〉f
I,σ(qi) .
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5 Results
In order to illustrate the whole proedure we will disuss now the
32
Mg
nuleus in detail and at the end we will give an overview of the available
results obtained with the Skyrme and Gogny interations. The nuleus
32
Mg
is a nie example as it is one of the neutron rih magi (N=20) nulei where
the shell losure is broken. The most onvining experimental evidene for
a deformed ground state in the N=20 isotopes is found in the
32
Mg nuleus
where both the exitation energies of the lowest lying 2+ [44℄ and 4+ [45,
46℄ states and the B(E2, 0+ → 2+) transition probability [47℄ have been
measured. The low exitation energy of the 2+ state, the high value of the
B(E2) transition probability and also the ratio E(4+1 )/E(2
+
1 ) = 2.6 are fairly
ompatible with the expetations for a rotational band.
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Fig. 7. On the left hand side, the square of the olletive wave funtions" (in
fat, EI,σ + 25|gI,σ(q20)|
2
) for σ = 1 and 2 (thik lines) are plotted along with the
orresponding projeted energy (thin line) as a funtion of q20. On the right hand
side, the projeted energies EI,σ along with the I = 0 projeted energy are plotted
as a funtion of q20. The projeted energies have been plaed aording to their
average intrinsi quadrupole deformation (q20)
I
σ
We have arried out Angular Momentum Projeted onguration mix-
ing alulations along the lines desribed in Sets. 2, 3 and 4. The AMP
results have been already disussed in subset. 3.5 and the AMPGCM ones
are summarized in Fig. 7. On the left hand side of the gure we have plot-
ted, as a funtion of q20 and for I = 0, 2, 4 and 6, and for pratial reasons
a quantity related to the square of the olletive wave funtions", namely
EIσ + 25|g
I,σ(q20)|2, for σ = 1 and 2 as well as the projeted energy urve.
By looking at the tails of these quantities we an ompare the AMPGCM
energies EIσ with the orresponding projeted energy and have a feeling of the
orrelation energy gained by onguration mixing. For I = 0 we observe how
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the ground state has an important mixing between the prolate and oblate
minima. For I = 2, 4 and 6 the lowest lying solutions (σ = 1) are well lo-
alized inside the prolate wells whereas the exited solutions (σ = 2) show
olletive wave funtions reminisent of a β vibrational state. On the right
hand side of Fig. 7 we have plotted the AMPGCM energies for σ = 1 and
2 along with the I = 0 projeted energy. The AMPGCM energies have been
plaed along the q20 axis aording to their intrinsi average quadrupole mo-
ment" whih is dened as the average quadrupole moment weighted with the
olletive wave funtions"
(q20)
I
σ =
∫
dq20q20|g
I,σ(q20)|
2 . (36)
As a result of the mixing with the oblate ongurations, the 0+1 state has
a lower intrinsi quadrupole deformation than the minimum of the I = 0
projeted energy but remains strongly deformed indiating that the N=20
shell losure is broken in this nuleus. The intrinsi quadrupole deformation
of the 2+1 , 4
+
1 and 6
+
1 states remains similar the the one of the orresponding
minima of the AMP energy urves as a onsequene of the loalization inside
the prolate wells of their their olletive wave funtions. The 4+2 , 6
+
2 , et,
states have intrinsi quadrupole deformations similar to the 4+1 , 6
+
1 ones in
good agreement with its quadrupole vibrational harater. Another interest-
ing result is the low exitation energy of the 0+2 state whih is related to the
strong prolate-oblate mixing.
The results we have obtained with the AMPGCM for the 2+ exitation
energy and B(E2, 0+1 → 2
+
1 ) transition probability are 1.46 MeV and 395 e
2
fm
4
, respetively. These results have to be ompared with the angular mo-
mentum projeted results obtained with the approximate PBV alulation
disussed in Set. 3.5 (0.87 MeV and 593 e2 fm4) and the experiment, 0.88
MeV and 454± 78 e2 fm4. As a onsequene of onguration mixing the 2+ ex-
itation energy inreases substantially as ompared with the AMP result and
diers onsiderably from the experimental number. However, the AMPGCM
B(E2) transition probability gets redued with respet to the AMP result
and gets loser to the experimental value.
32
Mg though an spherial nuleus in the mean eld approximation rep-
resents the lass of nuleus with a seond minimum or a shoulder at an
exitation energy omparable with the energy gain by AMP. A dierent ase
is provided by the nuleus
208
Pb already disussed or
48
Ca, see left panel of
Fig. 8, whih is also spherial at the mean eld level but without any shoul-
der at relevant. The eet of the AMP in this ase is to produe two almost
degenerated prolate and oblate minima at small q values. The behavior of
〈J2y 〉 determine in part the energy gain of the ground state in the AMP, see
Fig. 5 and the orresponding disussion, whih is of the order of 3 MeV for
208
Pb and of 1 MeV for
48
Ca. In this ase a onguration mixing alula-
tion is alled for whih produes a ground state wave funtion whih is a
linear ombination with similar weights of both minima and on the average
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Fig. 8. The PES results for
48
Ca and
40
Mg for I = 0, 2, 4, 6 and 8, along with the
HFB energy (dashed urves) as well as the AMPGCM results (see omments on
the right panel of Fig. 7 for an explanation)
the ground state beomes again spherial, see Fig. 8. An additional energy
gain (around 0.5 MeV in the ase of
48
Ca) is also provided. For angular mo-
mentum 2, 4, 6 and 8 we nd in Fig. 8 that the prolate and oblate minima
of the PES of
48
Ca take plae at larger deformations with inreasing spins.
This produes larger barriers between the minima and as a onsequene the
mixing get smaller with growing spins and the wave funtions remain well
loalized in the orresponding minima. To omplete our disussion we have
plotted the mean eld results, the PES and the AMPGCM energy levels in
the right panel for the well deformed nuleus
40
Mg, though the REC's are
similar for both plotted nulei, the eet of the projetion on the mean eld
energy is quite dierent. The MF prolate ground state and the seondary
oblate minima, after the AMP remain approximately at the same q20 values
and the same relative energy. The energy gain of the minima amounts to 3.5
MeV. The struture of the MFA energy surfae is also roughly maintained by
the PES at higher spins. The onguration mixing alulations provide dier-
ent results than in the spherial nuleus, one obtain two rather well dened
rotational bands, i.e., with rather onstant intrinsi quadrupole moment, and
less mixing in the wave funtions. The energy gain of the ground state by the
onguration mixing amounts about 600 keV.
In the following we will present results obtained with the Skyrme and the
Gogny interation. The alulations with the Skyrme interation have been
arried out mostly with the SLy4 [20℄ or the SLy6 [21℄ parameterizations of
the fore. In the AMPGCM ansatz a projetion onto good partile number is
28 J. L. Egido and L. M. Robledo
also performed. In the ase of the Gogny interation the parameterization D1S
[22℄ has been used. A simultaneous partile number projetion has not been
arried out beause the nite range of the fore onsiderably inreases the
omputational burden as ompared to the Skyrme interation. As the eld
is pretty new there are not too many results and in some ases the nulei
omputed with the Skyrme interation are the same as the ones omputed
with the Gogny fore. In those situations we will onentrate mainly in the
Gogny results as the Skyrme ones are mostly in qualitative (and in some ases,
quantitative) agreement with the former interation. Most of the alulations
have been fousing in light nulei either with or without an exess of neutrons.
Also alulations in heavier nulei are available in the neutron deient Lead
isotopes although some more results will ome in the near future.
We will start rst ommenting on the Skyrme results: the well deformed
24
Mg nuleus was disussed in [48℄ with the SLy4 fore and zero range pairing
interations (depending and not depending on the density) and a reasonable
agreement was obtained for the ground state rotational band although the
band was too strethed. The intra-band B(E2) transition probabilities were
well reprodued. In [49℄ the doubly magi
16
O was studied with the SLy4
parameterization and fousing on the deformed 0+ exited states and the
orresponding rotational bands built on top of them. A rather good agree-
ment was found between the alulations and the experimental results. The
struture of the rst exited 0+ state was disussed in terms of multi partile-
hole omponents and it was found that the struture of this state was a 4p-4h
exitation in agreement with previous shell model explanations. It is inter-
esting to point out that the ground state energy was lowered by 2.3 MeV
with respet to the mean eld as a onsequene of the orrelations indued
by the AMPGCM method. The neutron deient
186
Pb, whih is a very nie
example of shape oexistene with and spherial ground state and two exited
states below 1 MeV of prolate and oblate harater respetively, was studied
in [50℄ with the SLy6 parameterization and zero range density dependent
pairing interation. The exitation energy of the prolate 0+exited state was
very well reprodued but this was not the ase for the energy of the nearby
oblate 0+state. The rotational band built on top of the prolate 0+ exited
state ame up too spread out as ompared with the experimental data. The
energies of both 0+ states are pushed up to higher energies (1.05 MeV and
1.39 MeV for the prolate and oblate states, respetively) when the SLy4 fore
is used worsening the agreement with experiment. Finally, in [51℄ the nulei
32
S,
36
Ar,
38
Ar and
40
Ca were studied. The interest was here the normal and
super-deformed bands reently found in those nulei. The normal deformed
and super-deformed band heads ome up at a reasonable exitation energy
in all the nulei but the rotational bands built on top of them ome always
too spread out as ompared with the experiment. However, the B(E2) values
are in rather good agreement with experiment. The existene of SD bands in
those nulei is onneted to a partial oupation of the f7/2 sub-shell.
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The alulations with the Gogny fore have foused in neutron rih light
nulei in order to investigate the erosion of the N = 20 and N = 28 shell lo-
sures. To study the N = 20 region we omputed [52℄ the Angular Momentum
Projeted energy urves for
30−34
Mg and
32−38
Si and from the minima of the
projeted urves we determined the lowest state for eah angular momentum.
In this way we were able to demonstrate that the ground state of the magi
32
Mg was deformed and traed bak the breaking of the shell losure to the
partial oupany of the f7/2 intruder orbital. We also obtained a deformed
ground state in
34
Mg and for the other nulei we onluded that they were
showing shape oexistene. Conerning the exitation energy of the 2+states
we got a rather nie agreement with experiment as well as for the B(E2)
transition probabilities. From our preliminary analysis it was lear that a
proper desription of those nulei should involve onguration mixing in the
ontext of the AMPGCM. This alulation was arried out for
30−24
Mg [53℄
and for
32−36
Si [54℄. As a general rule, the inlusion of onguration mix-
ing inreases the energy of the 2+states as ompared with the AMP results
worsening the agreement with experiment but the B(E2) get usually redued
improving the agreement with experiment. It was established the spherial
harater of
30
Mg and the deformed one of
32−34
Mg as well as the spherial
harater of the ground states of all the Si isotopes studied.
To analyze the erosion of the N = 28 shell losure we have onsidered [55℄
the isotones from
40
Mg up to
48
Ca as well as the Sulfur isotopes
38−42
S. It is
found that the drip line nuleus
40
Mg is prolate deformed breaking thereby
the N = 28 shell losure, the nuleus 42Si is also deformed but in this ase in
the oblate side. The nulei
44
S and
46
Ar are found to show shape oexistene
whereas
48
Ca is found to be spherial as expeted. Conerning the Sulfur iso-
topes they are found to be to a greater or lesser extent prolate deformed. The
exitation energies of the 2+states and speially their transition probabilities
to the ground state are rather well reprodued (the energies always ome up
rather high as ompared with the experiment). The two neutron and two
protons separation energies are also well reprodued and it is found that the
eet of AMPGCM is only signiant in a few ases while in the other the
results are pretty lose to the HFB ones.
The Magnesium isotopi hain from A=20 until the neutron drip line
A=40 was studied in [36℄. The results obtained for the 2+, 4+and 0+2 exita-
tion energies as well as the B(E2, 0+ → 2+) are represented in Fig. 9 for the
whole hain and ompared with the experimental data. We observe that the
isotopi trend is quite well reprodued but the 2+and 4+ exitation energies
ome up too high whereas the 0+2 ome up too low. Interestingly we are able
to reprodue the sliding down of the 0+2 exitation energy in going from
24
Mg
to
26
Mg and due to the fat that whereas
24
Mg is a well deformed nuleus
26
Mg is a shape oexistent one [56℄. One of the main results of our alula-
tion is that the nulei from
32
Mg to
40
Mg show a prolate deformed ground
state. To nish the disussion of the Figure let us nally omment that the
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Fig. 9. Comparison of the theoretial results (full line) for the 2+, 4+, and 0+2
exitation energies and B(E2, 0+ → 2+) transition probabilities for the Mg isotopi
hain with the experimental data (dashed line)
experimental B(E2) transition probabilities are pretty well reprodued by
our alulations.
The AMPGCM method not only provides the exitation energy of the
states but also the ground state energy and therefore one an ompute two
neutron or two proton separation energies and ompare them with the HFB
results. This omparison is made in Fig. 10 for the Mg [36℄ and Ne [57℄ iso-
topi hains and there we observe how the AMPGCM method improves the
agreement with experiment as ompared with the HFB results. It is parti-
ularly interesting the N = 22 result that is strongly related to the erosion
of the N = 20 shell losure, the inlusion of orrelations that made 32Mg
deformed are the responsible for the better agreement of the S2N separation
energy in this ase. Finally, let us mention that aording to our alulations
the neutron drip line for the Mg isotopes is loated at N = 28. For the Ne
isotopes the AMPGCM predits (ontrary to the mean eld) an stable
32
Ne
in good agreement with experiment.
Calulations similar to the ones presented for the Mg isotopes have also
been arried out for the Ne isotopi hain in [57℄. The onlusions are similar
to the ones found for the Mg hain and they will not be disussed here.
Finally, let us omment on the fat that independently of the fore used
the rotational bands obtained with the AMPGCM method are too strethed
as ompared with the experimental data. On the other hand the B(E2) tran-
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Fig. 10. Two neutron separation energies S2N as a funtion of neutron number
for the isotopi Mg and Ne hains. Results for the mean eld and the AMPGCM
alulations are present along with the experimental data
sition probabilities ompare pretty well with experiment. This feature of the
method might have to do with the lak in the present formalism of additional
orrelations like triaxialities, two-quasipartile mixing and so on.
6 Outlook and Future Developments
In this paper we have desribed how to arry out Angular Momentum Pro-
jetion (AMP) with eetive interations of the Skyrme and Gogny type. We
have illustrated the proedure with several examples. The main outome of
those alulations is that AMP strongly modies the energy landsape as
a funtion of the mass quadrupole moment of the system and therefore the
naive proedure of Projetion After Variation (PAV) (i.e. projeting after the
intrinsi state is determined at the mean eld level by optimizing the intrin-
si energy) leads in many ases to the wrong answer. On the other hand,
the restrited Projetion Before Variation (PBV) (i.e. the intrinsi state is
determined by optimizing the projeted energy) where only the quadrupole
moment is allowed to vary yields muh more onsistent results. We have
also learned that the projeted energy landsapes have in many ases oex-
isting minima and therefore it is important to onsider onguration mixing
whih is implemented in the framework of the Angular Momentum Projeted
Generator Coordinate Method (AMPGCM). The results shown indiate the
relevane of onguration mixing in many ases. We have also disussed ap-
proximate ways to ompute the projeted quantities and in this ontext we
have ompared the present methodology with the results of the ranking
model. All the methods onsidered have been illustrated with relevant ex-
amples and at the end we have given a rather exhaustive aount of the
available theoretial results. As the eld is rather new there are still further
improvements to be made: a) It has to be explored if there are other relevant
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degrees of freedom apart from the quadrupole moment that ould be used
in the ontext of the restrited PBV. b) The suitability of the method for
the desription of odd nulei has to be explored. ) The otupole degree of
freedom has to be inorporated in order to extend the present method into
the realm of negative parity states. d) Triaxial and/or time reversal break-
ing admixtures have to be inorporated. e) Approximations to ompute the
projeted quantities have to be explored and their suitability assessed, and a
long etetera !
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